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BOUNDED RICCI CURVATURE AND POSITIVE SCALAR CURVATURE
UNDER SINGULAR RICCI DE TURCK FLOW
KLAUS KRO¨NCKE, TOBIAS MARXEN, AND BORIS VERTMAN
Abstract. In this paper we consider a Ricci de Turck flow of spaces with iso-
lated conical singularities, which preserves the conical structure along the flow.
We establish that a given initial regularity of Ricci curvature is preserved along
the flow. Moreover under additional assumptions, positivity of scalar curvature
is preserved under such a flow, mirroring the standard property of Ricci flow on
compact manifolds. The analytic difficulty is the a priori low regularity of scalar
curvature at the conical tip along the flow, so that the maximum principle does
not apply. We view this work as a first step toward studying positivity of the
curvature operator along the singular Ricci flow.
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1. Introduction and statement of main results
Consider a compact smooth Riemannian manifold (M,g) without boundary.
Its Ricci flow is a smooth family of metrics (g(t))t≥0 such that
∂tg(t) = −2Ric(g(t)), g(0) = g, (1.1)
where Ric(g(t)) denotes the Ricci curvature tensor of g(t). Due to diffemorphism
invariance of the Ricci tensor, this evolution equation fails to be strongly para-
bolic. One overcomes this problem by adding an additional term to the equation
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which brakes the diffeomorphism invariance. This leads to the equivalent and
analytically more convenient Ricci de Turck flow
∂tg(t) = −2Ric(g(t)) + LW(t)g(t), g(0) = g, (1.2)
where W(t) is the de Turck vector field defined in terms of the Christoffel sym-
bols for the metrics g(t) and a background metric h
W(t)k = g(t)ij
(
Γ kij(g(t)) − Γ
k
ij(h)
)
. (1.3)
In the applications, the background metric h is usually taken as the initial metric
g, or as its small Ricci flat perturbation. The de Turck vector field defines a one-
parameter family of diffeomorphisms (φ(t))t≥0 and if (g(t))t≥0 is a solution to
the Ricci de Turck flow (1.2), then the pullback (φ(t)∗g(t))t≥0 is a solution to the
Ricci flow (1.1).
On singular spaces, the de Turck vector field may point towards the singu-
lar stratum and thus lengths of the corresponding integral curves may not be
bounded from below away from zero. Hence the one-parameter family of diffeo-
morphisms (φ(t))t≥0 may not exist for positive times. Therefore, in the singular
setting (1.1) and (1.2) are generally not equivalent and we study the latter flow.
Our work establishes an interesting property of the flow, namely that a given
initial regularity of the Ricci curvature is preserved along the flow.
Theorem 1.1. The singular Ricci de Turck flow preserves the initial regularity of the
Ricci curvature. In particular, if the initial metric has bounded Ricci curvature, the flow
remains of bounded Ricci curvature as well.
We are not able to deduce an analogous result for the scalar curvature. The
reason is that the norm of the Ricci tensor appears as the reaction term in the
evolution equation of the scalar curvature. Thus, unbounded Ricci curvature at
the singularity pushes the scalar curvature to infinity after infinitesimal time. In
contrast, the evolution equation on the Ricci curvature is tensorial which allows
more flexibility. However, we are able to prove a different property of the scalar
curvature along the Ricci flow which is well known in the smooth compact case.
Theorem 1.2. An admissible Riemannian manifold with isolated conical singularities
and positive scalar curvature admits a singular Ricci de Turck flow preserving the sin-
gular structure and unter the additional assumption of strong tangential stability, posi-
tivity of scalar curvature along the flow.
The present work is a continuation of a research program on singular Ricci
flow, that preserves the initial singular structure, that has seen several recent ad-
vances. In the setting of surfaces with conical singularities, singular Ricci flow
has been studied by Mazzeo, Rubinstein and Sesum in [MRS15] and Yin [Yin10].
The Yamabe flow, which coincides with the Ricci flow in the two-dimensional
setting, has been studied in general dimension on spaces with edge singulari-
ties by Bahuaud and the third named author in [BaVe14] and [BaVe16]. In the
setting of Ka¨hler manifolds, Ka¨hler-Ricci flow on spaces with edge singularities
appears in the recent results on the Calabi-Yau conjecture on Fano manifolds,
cf. Donaldson [Don12], Tian [Tia15], see also Jeffres, Mazzeo and Rubinstein
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[JMR16]. Ka¨hler-Ricci flow in case of isolated conical singularities has been ad-
dressed by Chen and Wang [ChWa15], Wang [Wan], as well as Liu and Zhang
[LiZh17].
Ricci flow on singular spaces of general dimension, without the Ka¨hler con-
dition, does not reduce to a scalar equation and has been studied in [Ver16] by
the third named author. Subsequently, the first and the third named authors
in [KrVe19a, KrVe19b] established stability and studied solitons and Perelman
entropies of this flow in the special case of isolated conical singularities. The
present work is a continuation of this research program.
Let us point out that Ricci flow preserving the initial singular structure, is not
the only possible way to evolve a singular metric. In fact, Giesen and Topping
[GiTo10, GiTo11] construct a solution to the Ricci flow on surfaces with singu-
larities, which becomes instantaneously complete. Alternatively, Simon [Sim13]
constructs Ricci flow in dimension two and three that smoothens out the singu-
larity.
2. Geometric preliminaries on conical manifolds
We begin with a definition of spaces with isolated conical singularities. We
point out that part of our analysis in fact applies to spaces with non-isolated
conical singularities, the so-called edges.
Definition 2.1. LetM be the open interior of a compact smooth manifoldM with bound-
ary F := ∂M. Let x be a boundary defining function and C(F) a tubular neighborhood of
the boundary with open interior C(F) := (0, 1)x × F. An incomplete Riemannian metric
g onM with an isolated conical singularity is a smooth metric onM satisfying
g ↾ C(F) = dx2 + x2gF + h =: g+ h,
where the higher order term h has the following asymptotics at x = 0. Let g = dx2+x2gF
denote the exact conical part of the metric g over C(F) and ∇g the corresponding Levi
Civita connection. Then we require that for some γ > 0 and all integer k ∈ N0 the
pointwise norm
| xk∇kgh |g = O(xγ), x→ 0. (2.1)
Remark 2.2. We emphasize here that we do not assume that the higher order term h is
smooth up to x = 0 and do not restrict the order γ > 0 to be integer. In that sense the
notion of conical singularities in the present discussion is more general than the classical
notion of conical singularities where h is usually assumed to be smooth up to x = 0 with
γ = 1. This minor generalization is necessary, since the Ricci de Turck flow, which will
be introduced below, preserves a conical singularity only up to a higher order term h as
above.
We call (M,g) a manifold with an isolated conical singularity, or a conical
manifold for short. The definition extends directly to conical manifolds with
finitely many isolated conical singularities. Since the analytic arguments are
local in nature, we may assume without loss of generality that M has a single
conical singularity only.
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Let (z) = (z1, . . . , zn) be local coordinates on F, where n = dim F. Then (x, z)
are local coordinates on the conical neighborhood C(F) ⊂ M. A b-vector field
is by definition a smooth vector field on M which is tangent to the boundary
∂M = F. The b-vector fields form a Lie algebra, denoted by Vb. In the local
coordinates (x, z), the algebra Vb is locally, near ∂M, generated by{
x
∂
∂x
, ∂z =
(
∂
∂z1
, . . . ,
∂
∂zn
)}
,
with smooth coefficients on M. The b-tangent bundle bTM is defined by re-
quiring that the b-vector fields form a spanning set of sections for it, i.e. Vb =
C∞(M, bTM). The b-cotangent bundle bT ∗M is the dual bundle and locally, near
∂M, generated by the one-forms{
dx
x
, dz1, . . . , dzn
}
. (2.2)
Note that the differential form dx
x
is singular in the usual sense, but smooth as a
section of bT ∗M. Extend the radial function x of the cone C(F) to a nowhere van-
ishing smooth function x : M→ [0, 2]. Then we define the incomplete b-tangent
space ibTM by asking that C∞(M, ibTM) := x−1C∞(M, bTM). The dual bundle,
the incomplete b-cotangent bundle ibT ∗M, is related to its complete counterpart
bT ∗M by C∞(M, ibT ∗M) = xC∞(M, bT ∗M), and is locally generated by
{dx, xdz1, . . . , xdzn} . (2.3)
3. Weighted Ho¨lder spaces on conical manifolds
In this section we review definitions from [Ver16, Section 1.3] in the case of
isolated conical singularities. Let (M,g) be a manifold with isolated conical
singularities.
Definition 3.1. Let dM(p, p
′) denote the distance between two points p, p ′ ∈ M with
respect to the conical metric g. In terms of the local coordinates (x, z) over the singular
neighborhood C(F), the distance can be estimated up to a constant uniformly from above
and below by the distance function of the model cone
d((x, z), (x ′, z ′)) =
(
|x − x ′|2 + (x+ x ′)2|z − z ′|2
) 1
2 .
The Ho¨lder space Cαie(M× [0, T ]), α ∈ [0, 1), is by definition the set of functions u(p, t)
that are continuous on M× [0, T ] with finite α-th Ho¨lder norm
‖u‖α := ‖u‖∞ + sup
(
|u(p, t) − u(p ′, t ′)|
dM(p, p ′)α + |t− t ′|α /2
)
<∞, (3.1)
with supremum taken over all p, p ′ ∈M and t, t ′ ∈ [0, T ] with p 6= p ′ and t 6= t ′. 1
We now extend the notion of Ho¨lder spaces to sections of the vector bundle
S := Sym2(ibT ∗M) of symmetric 2-tensors. Note that the Riemannian metric g
induces a fibrewise inner product on S, which we also denote by g.
1We can assume without loss of generality that the tuples (p, p ′) are always taken from within
the same coordinate patch of a given atlas.
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Definition 3.2. The Ho¨lder space Cαie(M× [0, T ], S) is by definition the set of all sections
ω of S which are continuous on M × [0, T ], such that for any local orthonormal frame
{sj} of S, the scalar functions g(ω, sj) are in Cαie(M× [0, T ]).
The α-th Ho¨lder norm ofω is defined using a partition of unity {φj}j∈J subordinate to
a cover of local trivializations of S, with a local orthonormal frame {sjk} over supp(φj)
for each j ∈ J. We put
‖ω ‖(φ,s)α :=
∑
j∈J
∑
k
‖g(φjω, sjk)‖α. (3.2)
Different choices of ({φj}, {sjk}) lead to equivalent norms so that we may drop
the upper index (φ, s) from notation. Next we come to weighted and higher
order Ho¨lder spaces of S-sections.
Definition 3.3. (1) The (hybrid) weighted Ho¨lder space for γ ∈ R is
Cαie(M× [0, T ], S)γ := xγ Cαie(M× [0, T ], S) ∩ xγ+αC0ie(M× [0, T ], S)
with Ho¨lder norm ‖ω ‖α,γ := ‖x−γω ‖α + ‖x−γ−αω ‖∞.
(2) The weighted higher order Ho¨lder spaces are defined by
Ck,αie (M× [0, T ], S)γ := {ω ∈ Cαie,γ | {V jb ◦(x2∂t)l}ω ∈ Cαie,γ
for all j + 2l ≤ k},
for any γ ∈ R and k ∈ N. For any γ > −α and k ∈ N we also define
Ck,αie (M× [0, T ], S)bγ := {ω ∈ Cαie | {V jb ◦(x2∂t)l}ω ∈ Cαie,γ
for all j+ 2l ≤ k}.
The corresponding Ho¨lder norms are defined using a finite cover of coordinate
charts trivializing S0 and a subordinate partition of unity {φj}j∈J. By a slight
abuse of notation, we identify Vb with its finite family of generators over each
coordinate chart. Writing D := {V jb ◦(x2∂t)l | j + 2l ≤ k} the Ho¨lder norm on
Ck,αie (M× [0, T ], S)γ is then given by
‖ω ‖k+α,γ =
∑
j∈J
∑
X∈D
‖X(φjω)‖α,γ + ‖ω ‖α,γ. (3.3)
For the Ho¨lder norm on Ck,αie (M× [0, T ], S)bγ replace in (3.3) ‖ω ‖α,γ by ‖ω ‖α.
The Ho¨lder norms for different choices of coordinate charts, the subordinate
partition of unity or vector fields Vb are equivalent. Analogously we also con-
sider time-independent Ho¨lder spaces, which are denoted in the same way with
[0, T ] deleted from notation above.
The vector bundle S decomposes into a direct sum of sub-bundles S = S0⊕S1,
where the sub-bundle S0 = Sym
2
0
(ibT ∗M) is the space of trace-free (with respect
to the fixed metric g) symmetric 2-tensors, and S1 is the space of pure trace
(with respect to the fixed metric g) symmetric 2-tensors. Definition 3.3 extends
verbatim to subbundles S0 and S1.
6 KLAUS KRO¨NCKE, TOBIAS MARXEN, AND BORIS VERTMAN
Remark 3.4. The spaces presented here are slightly different from the spaces originally
introduced in [Ver16]. There, in case of S1-sections, higher order weighted Ho¨lder spaces
were defined in terms of xγ Cαie instead of Cαie,γ. Here, we present a more unified definition,
which will become much more convenient below. The arguments of [Ver16] still carry
over to yield regularity statements in these unified Ho¨lder spaces.
Definition 3.5. Let (M,g) be a compact conical manifold, γ0, γ1 ∈ R. In order to
simplify notation, we set Ck,αie (M× [0, T ], S)bγ := Ck,αie (M× [0, T ], S)bγ for γ ≤ −α, with
the same convention for S1 as well. Then we define the following spaces.
(1) If (M,g) is not an orbifold, we set
Hk,αγ0,γ1(M× [0, T ], S) := Ck,αie (M× [0, T ], S0)γ0 ⊕ Ck,αie (M× [0, T ], S1)bγ1 .
(2) If (M,g) is an orbifold, we set
Hk,αγ0,γ1(M× [0, T ], S) := Ck,αie (M× [0, T ], S0)bγ0 ⊕ Ck,αie (M× [0, T ], S1)bγ1 .
Note that e.g. for the non-orbifold case, the different choice of spaces for the S0
and S1 components, simply ensures that the S1 component is not (!) included in
xγC0ie for some positive weight γ. In case of orbifold singularities, this restriction
is imposed on both the S0 and S1 components. We can now impose regularity
assumptions on our initial data (M,g). Definitions 3.2 and 3.3 extend naturally
to associated bundles of ibTM. Also we write Hk,αγ ≡ Hk,αγ,γ.
Definition 3.6. Let α ∈ [0, 1), k ∈ N0 and γ > 0. A conical manifold (M,g) is
(α, γ, k) Ho¨lder regular if the following two conditions are satisfied:
(i) The (0, 4) curvature tensor Rm ∈ Ck,αie (M× [0, T ],⊗4 ibT ∗M)−2.
(ii) The Ricci curvature tensor Ric ∈ Hk,α−2+γ(M× [0, T ], S).
We continue under that assumption from now on.
Remark 3.7. The asymptotics of the Ricci curvature tensor, as a section of S, is gener-
ically O(x−2) as x → 0. Hence (α, γ, k) Ho¨lder regularity with γ > 0 in particular
implies that the exact conical part (C(F), g) must be Ricci-flat. This is equivalent to
(Fn, gF) being Einstein with Einstein constant n − 1. Moreover, the weight γ corre-
sponds to the weight in (2.1).
4. Lichnerowicz Laplacian and tangential stability
Consider the right hand side −2Ric(g(t)) + LW(t)g(t) of the Ricci de Turck
flow equation (1.2). Write W(t) = W(g(t), h) to indicate precisely what the de
Turck vector field depends on. Choose h = g as the background metric. Then,
replacing g(t) = g+sω for some symmetric 2-tensor ω, the linearization of right
hand side of (1.2) is given by
d
ds
(
−2Ric(g+ sω) + LW(g+sω,g)(g+ sω)
)
|s=0 = −∆Lω, (4.1)
where ∆L is an elliptic operator, which is known as the Lichnerowicz Laplacian
of g, acting on symmetric 2-tensors by
∆Lωij = ∆ωij−2g
pq Rmrqijωrp+g
pqRipωqj+g
pqRjpωiq,
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where ∆ denotes the rough Laplacian, and Rmrqij and Rij denote the components
of the (1, 3)-Riemann curvature tensor and the Ricci tensor, respectively. Near
the conical singularity ∆L can be written as follows. We choose local coordinates
(x, z) over the singular neighborhood C(F) = (0, 1)x × F. Consider a decomposi-
tion of compactly supported smooth sections C∞0 (C(F), S ↾ C(F))
C∞0 (C(F), S ↾ C(F))→ C∞0 ((0, 1), C∞(F)×Ω1(F)× Sym2(T ∗F)),
ω 7→ (ω(∂x, ∂x), ω(∂x, ·), ω(·, ·)) , (4.2)
where Ω1(F) denotes differential 1-forms on F. Under such a decomposition, the
Lichnerowicz Laplace operator ∆L associated to the singular Riemannian metric
g attains the following form over C(F)
∆L = −
∂2
∂x2
−
n
x
∂
∂x
+
L
x2
+ O, (4.3)
where L is a differential operator on C
∞(F) × Ω1(F) × Sym2(T ∗F), depending
only on the exact conical part g, and the higher order term is O ∈ x−2+γ V2b with
Ho¨lder regular coefficients.
4.1. Tangential stability.
We can now impose a central analytic condition, under which existence of
singular Ricci de Turck flow has been established in [Ver16].
Definition 4.1. (F, gF) is called (strictly) tangentially stable if the tangential opera-
tor L of the Lichnerowicz Laplacian on its cone restricted to tracefree tensors is non-
negative (resp. strictly positive).
Tangential stability (in fact a smaller lower bound L ≥ −((n − 1)/2)2 would
suffice) has a straighforward implication: for ω ∈ C∞0 (C(F), S) we find
∆Lω =
 ∂
∂x
+
1
x
√L +(n− 1
2
)2
+
n − 1
2
t
◦
 ∂
∂x
+
1
x
√L +(n− 1
2
)2
+
n − 1
2
ω.
(4.4)
Thus, tangential stability in particular implies that ∆L, acting on compactly sup-
ported smooth sections, has a lower bound, i.e. there exists some C ∈ R such
that
∆L ↾ C
∞
0 (M,S) ≥ C. (4.5)
For convenience of the reader we shall add here a complete characterization of
tangential stability, obtained by the first and third named authors in [KrVe19a].
Recall that by Remark 3.7, the assumption of (α, γ, k) Ho¨lder regularity implies
that (F, gF) is Einstein with Einstein constant (n− 1).
Theorem 4.2. Let (F, gF), n ≥ 3 be a compact Einstein manifold with constant (n−1).
We write ∆E for its Einstein operator, and denote the Laplace Beltrami operator by
∆. Then (F, gF) is tangentially stable if and only if Spec(∆E|TT) ≥ 0 and Spec(∆) \
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{0} ∩ (n, 2(n + 1)) = ∅. Similarly, (M,g) is strictly tangentially stable if and only if
Spec(∆E|TT) > 0 and Spec(∆) \ {0} ∩ [n, 2(n+ 1)] = ∅.
There are plenty of examples, where (strict) tangential stability is satisfied.
Any spherical space form is tangentially stable. [KrVe19a] also provides a
detailed list of strict tangentially stable Einstein manifolds that are symmetric
spaces. Note that Sn is tangentially stable but not strictly tangentially stable.
Theorem 4.3. Let (Fn, gF), n ≥ 2 be a closed Einstein manifold with constant (n− 1),
which is a symmetric space of compact type. If it is a simple Lie group G, it is strictly
tangentially stable if G is one of the following spaces:
Spin(p) (p ≥ 6, p 6= 7), E6, E7, E8, F4. (4.6)
If the cross section is a rank-1 symmetric space of compact type G/K, (M,g) is strictly
tangentially stable if G is one of the following real Grassmannians
SO(2q+ 2p+ 1)
SO(2q+ 1)× SO(2p) (p ≥ 2, q ≥ 1),
SO(8)
SO(5)× SO(3) ,
SO(2p)
SO(p)× SO(p) (p ≥ 4),
SO(2p+ 2)
SO(p+ 2)× SO(p) (p ≥ 4)
SO(2p)
SO(2p− q)× SO(q) (p− 2 ≥ q ≥ 3),
(4.7)
or one of the following spaces:
SU(2p)/SO(p) (n ≥ 6), E6/[Sp(4)/ {±I}], E6/SU(2) · SU(6),
E7/[SU(8)/ {±I}], E7/SO(12) · SU(2), E8/SO(16),
E8/E7 · SU(2), F4/Sp(3) · SU(2).
(4.8)
4.2. Self-adjoint extensions of the Lichnerowicz Laplacian.
We can now study the self-adjoint closed extensions of ∆L acting on compactly
supported sections C∞0 (M,S). We write L
2(M,S) for the completion of C∞0 (M,S)
with respect to the L2-norm (·, ·)L2 defined by g. The maximal closed extension
of ∆L in L
2(M,S) is defined by the following domain
D(∆L,max) := {ω ∈ L2(M,S) | ∆Lω ∈ L2(M,S)}, (4.9)
where ∆Lω is defined distributionally. The minimal closed extension of ∆L in
L2(M,S) is obtained as the domain of the graph closure of ∆L acting on C
∞
0 (M,S)
D(∆L,min) := {ω ∈ D(∆L,max) | ∃(ωn)n∈N ⊂ C∞0 (M,S) :
ωn
n→∞−−−→ ω, ∆Lωn n→∞−−−→ ∆Lω in L2(M,S)}.
Let (λ,ωλ) be the set of eigenvalues and corresponding eigentensors of the
tangential operator L. Assuming tangential stability, we have λ ≥ 0, and hence
we define
ν(λ) :=
√
λ +
(
n − 1
2
)2
. (4.10)
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Standard arguments, see e.g. [KLP08], show that for each ω ∈ D(∆L,max) there
exist constants c±λ , ν(λ) ∈ [0, 1), depending only on ω, such that ω admits a
partial asymptotic expansion as x→ 0
ω =
∑
ν(λ)=0
(
c+λ (ω)x
−
(n−1)
2 + c−λ (ω)x
−
(n−1)
2 log(x)
)
·ωλ
+
∑
ν(λ)∈(0,1)
(
c+λ (ω)x
ν(λ)−
(n−1)
2 + c−λ (ω)x
−ν(λ)−
(n−1)
2
)
·ωλ
+ ω˜, ω˜ ∈ D(∆L,min).
(4.11)
All self-adjoint extensions for ∆L can be classified by algebraic conditions on
the coefficients in the asymptotic expansion (4.11), see e.g. Kirsten, Loya and
Park [KLP08, Proposition 3.3]. The Friedrichs self-adjoint extension of ∆L on
C∞0 (M,S) ⊂ L2(M,S) is given by the domain
D(∆L) := {ω ∈ D(∆L,max) | c−λ (ω) = 0 for ν(λ) ∈ [0, 1)}. (4.12)
Note that if n ≥ 3, then tangential stability implies that all ν(λ) ≥ 1. Hence the
minimal and maximal domains coincide and we find
D(∆L) = D(∆L,max) = D(∆L,min), for n ≥ 3. (4.13)
We close the section with an observation by Friedrichs and Stone, see Riesz
and Nagy [RiNa90, Theorem on p. 330], cf. the corresponding statement in our
previous work [KrVe19a, Proposition 2.2].
Proposition 4.4. Assume that (M,g) is tangentially stable, so that by (4.5) the Lich-
nerowicz Laplacian ∆L with domain C
∞
0 (M,S) is bounded from below by a constant
2
C ∈ R. Then the Friedrichs self-adjoint extension of the Lichnerowicz Laplacian ∆L is
bounded from below by C as well.
5. Existence and regularity of singular Ricci de Turck flow
The main result of [Ver16, Theorem 4.1], see also [KrVe19a, Theorem 1.2], is
existence and regularity of singular Ricci de Turck flow. Despite a slight differ-
ence of Ho¨lder spaces used here and in [Ver16], we still conclude from [Ver16,
Theorem 4.1] that the heat operator of the Friedrichs extension ∆L maps
e−t∆L : Hk,α−2+γ0,−2+γ1(M× [0, T ], S)→ Hk+2,αγ0,γ1 (M× [0, T ], S).
Therefore existence and regularity obtained in [Ver16, Theorem 4.1], as well as
in [KrVe19a, Theorem 1.2] for a different choice of a background metric, still
hold in our spaces.
Theorem 5.1. Let (M,g) be a conical manifold, which is tangentially stable and (α, k+
1, γ) Ho¨lder regular. In case the conical singularity is not orbifold, we assume strict
tangential stability. Let the background metric be either equal to g or a conical Ricci
flat metric, in which case g0 is assumed to be a sufficiently small perturbation of g˜ in
Hk+2,αγ,γ (M,S). Then there exists some T > 0, such that the Ricci de Turck flow (1.2),
starting at g admits a solution g(·) ∈ Hk+2,αγ0,γ1 (M × [0, T ], S) for some γ0, γ1 ∈ (0, γ)
sufficiently small.
2The case of C = 0 is commonly referred to as linear stability in the literature.
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Let us now explain in what sense the flow preserves the conical singularity.
Given an admissible perturbation g of the conical metric g0, the pointwise trace
of g with respect to g0, denoted as trg0g is by definition of admissibility an ele-
ment of the Ho¨lder space Ck,αie (M,S1)bγ, restricting at x = 0 to a constant function
(trg0g)(0) = u0 > 0. Setting x˜ :=
√
u0 · x, the admissible perturbation g = g0 + h
attains the form
g = dx˜2 + x˜2gF + h˜,
where |h˜|g = O(x
γ) as x → 0. Note that the leading part of the admissible
perturbation g near the conical singularity differs from the leading part of the
admissible metric g0 only by scaling.
We now wish to specify conditions on the weights γ0, γ1. Let us write 
′
L for
the tangential operator of the Lichnerowicz Laplacian ∆L acting on trace-free ten-
sors S0. The tangential operator of ∆L acting on the pure trace tensors S1 is sim-
ply the Laplace Beltrami operator ∆F of (F, gF). We set u0 := min(Spec
′
L\{0}) > 0
and u1 := min(Spec∆F\{0}) > 0. In the orbifold case we set u := min{u0, u1}. De-
fine 3
µ0 :=
√
u0 +
n− 1
2
−
n − 1
2
, µ1 :=
√
u1 +
n− 1
2
−
n− 1
2
.
Then the admissible choice of weights (γ0, γ1) (in the orbifold case set γ = γ0 =
γ1) and the Ho¨lder exponent α is given by the following restrictions.
i) γ0 ∈ (0, µ0), γ0 ≤ 2γ1, γ0 < γ,
ii) γ1 ∈ (0, µ1), γ1 ≤ γ0, γ1 < γ,
iii) α ∈ (0, µ0 − γ0) ∩ (0, µ1 − γ1).
(5.1)
Remark 5.2. Note that in case of u0, u1 > n, i.e. L > n, and assuming additionally
γ > 1, we may choose γ0, γ1 > 1 satisfying (5.1). This stronger condition is studied in
the Appendix §8, where a list of examples is provided.
We close the section by pointing out regularity of the de Turck vector field. As
before we may define weighted higher order Ho¨lder spaces of the incomplete
b-cotangent bundle ibT ∗M. By Theorem 5.1, cf. [Ver16, §6]
W(t) ∈ Ck+1,αie (M× [0, T ], ibT ∗M)−1+γ, (5.2)
where γ := min{γ0, γ1}, and γ = γ in the orbifold case. As explained in the
previous Remark 5.2, assuming L > n we can choose γ > 1, so that existence
time of the integral curves of W(t) is positive, uniformly bounded away from
zero. In this case we may pass from the Ricci de Turck flow back to Ricci flow,
which is generally not clear in the singular setting.
6. Evolution of curvatures under Ricci de Turck flow
The results of this section are well-known in the setting of smooth compact
manifolds where the Ricci flow is defined. Evolution equations are usually
proven by studying evolution of curvatures under the Ricci flow, and then the
3cf. [Ver16, Remark 2.5]
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corresponding equations follow for the Ricci de Turck flow by applying the cor-
responding diffeomorphisms. In the singular setting there might be no globally
well-defined diffeomorphism to go from the Ricci de Turck flow back to the
Ricci flow, as the de Turck vector field may be pointing toward the singularity.
Thus we need to establish the evolution of Ricci curvature under Ricci de Turck
flow directly without passing back to the Ricci flow. The evolution of the scalar
curvature is then a direct consequence.
Notation: Let g(t), t ∈ [0, T ] be a Ricci de Turck flow of Riemannian metrics on
M. We denote by ∇, ∆, ∆L and Γ the covariant derivative, the Laplace Beltrami
operator, the Lichnerowicz Laplacian and the Christoffel symbols, respectively,
defined with respect to the metric g(t). We let | · | be the norm with respect to
g(t). We denote the Riemann curvature tensor by Rm, the Ricci tensor by Ric
and the scalar curvature by R, and we use the following conventions:
Rm(X, Y)Z := ∇X(∇YZ) −∇Y(∇XZ) −∇[X,Y]Z,
Rm(
∂
∂xi
,
∂
∂xj
)
∂
∂xk
= Rlijk
∂
∂xl
.
Here and below we use the Einstein summation convention and sum over re-
peated upper and lower indices. We lower the upper index to the fourth slot
Rijkl := gplR
p
ijk. Then the Ricci tensor Ric and the scalar curvature R are given by
Ricjk ≡ Rjk := Riijk = gilRijkl, R := gjkRjk.
Theorem 6.1. Let M be a smooth manifold. Let g(t), t ∈ [0, T ] be a solution of the
Ricci de Turck flow with initial metric g and reference metric h, i.e.{
∂
∂t
gij(x, t) = (−2Rij +∇iWj +∇jWi) (x, t), (x, t) ∈M× [0, T ],
gij(x, 0) = gij(x), x ∈M, (6.1)
where W(t)k = g(t)ij
(
Γ kij(g(t)) − Γ
k
ij(h)
)
is the de Turck vector field. Then the Ricci
tensor Ric evolves by
(∂t + ∆L)Rjk = ∇mRjkWm + Rjm∇kWm + Rkm∇jWm. (6.2)
Proof. By [ChKn04, Lemma 3.5] the evolution of the Ricci curvature is given by
∂tRjk =
1
2
gpq(∇q∇jakp +∇q∇kajp −∇p∇qajk −∇j∇kapq), (6.3)
where the time-dependent (0, 2)-tensor a is the time-derivative of the metric,
aij :=
∂
∂t
gij. Using the Ricci de Turck flow equation
∂
∂t
gij = −2Rij +∇iWj +∇jWi
we obtain
∂tRjk = − g
pq(∇q∇jRkp +∇q∇kRjp −∇p∇qRjk −∇j∇kRpq) (6.4)
+
1
2
gpq(∇q∇j∇kWp +∇q∇j∇pWk +∇q∇k∇jWp +∇q∇k∇pWj
−∇p∇q∇jWk −∇p∇q∇kWj −∇j∇k∇pWq −∇j∇k∇qWp).
The first line on the right-hand side is the time-derivative of the Ricci tensor
when the metric evolves by Ricci flow. Since it is known [ChKn04, Lemma 6.9]
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that under Ricci flow the time-derivative of the Ricci tensor equals the Lich-
nerowicz Laplacian of the Ricci tensor, i.e. ∂tRjk = −∆LRjk, it follows that
∆LRjk = g
pq(∇q∇jRkp +∇q∇kRjp −∇p∇qRjk −∇j∇kRpq). (6.5)
To simplify the second and third line on the right-hand side, we compute several
terms by commuting covariant derivatives. We have
∇p∇j∇pWk = ∇p(∇q∇jWk − RmjqkWm) (6.6)
= ∇p∇q∇jWk −∇pRmjqkWm − Rmjqk∇pWm.
Hence by exchanging j and k
∇p∇k∇pWj = ∇p∇q∇kWj −∇pRmkqjWm − Rmkqj∇pWm. (6.7)
Furthermore,
∇p∇j∇kWq = ∇j∇p∇kWq − Rmpjk∇mWq − Rmpjq∇kWm (6.8)
= ∇j(∇k∇pWq − RmpkqWm) − Rmpjk∇mWq − Rmpjq∇kWm
= ∇j∇k∇pWq −∇jRmpkqWm − Rmpkq∇jWm − Rmpjk∇mWq − Rmpjq∇kWm.
By exchanging j and k and commuting covariant derivatives we have
∇p∇k∇jWq = ∇k∇j∇pWq −∇kRmpjqWm − Rmpjq∇kWm − Rmpkj∇mWq − Rmpkq∇jWm
= ∇j∇k∇pWq − Rmkjp∇mWq − Rmkjq∇pWm (6.9)
−∇kRmpjqWm − Rmpjq∇kWm − Rmpkj∇mWq − Rmpkq∇jWm.
Now plugging (6.5), (6.6), (6.7), (6.8), (6.9) into (6.4) we obtain
∂tRjk = −∆LRjk −
1
2
gpq(∇pRmjqkWm + Rmjqk∇pWm +∇pRmkqjWm + Rmkqj∇pWm
+∇jRmpkqWm + Rmpkq∇jWm + Rmpjk∇mWq + Rmpjq∇kWm
+ Rmkjp∇mWq + Rmkjq∇pWm +∇kRmpjqWm + Rmpjq∇kWm
+ Rmpkj∇mWq + Rmpkq∇jWm). (6.10)
Simplifying and rearranging terms yields
∂tRjk = −∆LRjk −
1
2
gpq∇qWm(Rmjpk + Rmkpj + Rmkjp) −
1
2
gpq∇mWq(Rmpjk + Rmkjp + Rmpkj)
−
1
2
gpqWm(∇pRmjqk +∇pRmkqj +∇jRmpkq +∇kRmpjq) (6.11)
− gpq(Rmpkq∇jWm + Rmpjq∇kWm).
The second line on the right-hand side is
−
1
2
gpq∇qWm(Rmjpk + Rmkpj + Rmkjp) −
1
2
gpq∇mWq(Rmpjk + Rmkjp + Rmpkj) (6.12)
=−
1
2
∇pWm(Rjpkm + Rkpjm + Rkjpm) − 1
2
∇mWp(Rpjkm + Rkjpm + Rpkjm)
= −
1
2
∇pWm(Rjpkm + Rkpjm + Rkjpm) − 1
2
∇pWm(Rmjkp + Rkjmp + Rmkjp)
= −
1
2
∇pWm(Rjpkm + Rkpjm + Rkjpm − Rkpjm − Rkjpm − Rjpkm)
= 0,
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where in the penultimate line we used the symmetries of the curvature tensor.
The fourth line on the right-hand side is given by
− gpq(Rmpkq∇jWm + Rmpjq∇kWm) = Rkm∇jWm + Rjm∇kWm. (6.13)
To compute the third line on the right-hand side, we first observe that by the
symmetries of the curvature tensor and the second Bianchi identity
∇pRjqkm = ∇pRkmjq = −∇mRpkjq −∇kRmpjq. (6.14)
Moreover, exchanging j and k yields
∇pRkqjm = −∇mRpjkq −∇jRmpkq. (6.15)
Now using (6.14) and (6.15) we obtain for the third line on the right-hand side
−
1
2
gpqWm(∇pRmjqk +∇pRmkqj +∇jRmpkq +∇kRmpjq) (6.16)
=−
1
2
gpqWm(−∇mRpkjq −∇kRmpjq −∇mRpjkq −∇jRmpkq +∇jRpkqm +∇kRpjqm)
= −
1
2
Wm(−∇mRkj +∇kRmj −∇mRjk +∇jRmk −∇jRkm −∇kRjm)
= Wm∇mRjk.
Plugging (6.12), (6.13) and (6.16) into (6.11) we finally obtain the claimed evolu-
tion equation of the Ricci tensor
∂tRjk = −∆LRjk +∇mRjkWm + Rjm∇kWm + Rkm∇jWm.

Corollary 6.2. Let M be a smooth manifold. Let g(t), t ∈ [0, T ] be a solution of the
Ricci de Turck flow with initial metric g and reference metric h, i.e.{
∂
∂t
gij(x, t) = (−2Rij +∇iWj +∇jWi) (x, t), (x, t) ∈M× [0, T ],
gij(x, 0) = gij(x), x ∈M, (6.17)
where W(t)k = g(t)ij
(
Γ kij(g(t)) − Γ
k
ij(h)
)
is the de Turck vector field. Then the scalar
curvature R evolves by
(∂t + ∆)R = 〈W,∇R〉+ 2|Ric|2. (6.18)
Proof. The scalar curvature is given by R = gjkRjk. Since
∂tg
jk = −gjpgkq∂tgpq = −g
jpgkq(−2Rpq +∇pWq +∇qWp)
and by the evolution equation for the Ricci tensor (6.2) we thus obtain
∂tR = −g
jpgkq(−2Rpq +∇pWq +∇qWp)Rjk
+ gjk(−∆LRjk +∇mRjkWm + Rjm∇kWm + Rkm∇jWm)
= 2|Ric|2 − 2gjpgkq∇pWqRjk − gjk∆LRjk +∇mRWm + 2gjkRjm∇kVm
= −∆R+∇mRWm + 2|Ric|2,
where in the last step we used gjk∆LRjk = ∆R. 
Remark 6.3. Note that in the proof we didn’t use the special form of W, we just used
that W is a (time-dependent) one-form.
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7. Regularity of Ricci curvature along the Ricci de Turck flow
Our aim in this section is to improve the a priori low regularity of the Ricci
curvature along the singular Ricci de Turck flow, as noted in [Ver16, Theorem
8.1]. Consider an (α, k+ 1, γ)-Ho¨lder regular conical manifold (M,g), satisfying
tangential stability, with singular Ricci de Turck flow g(·) ∈ Hk,αγ0,γ1(M× [0, T ], S),
i.e. decomposing g(t) = (1+u)g+ω into trace and trace-free parts with respect
to the initial metric g, we have
(ω,u) ∈ Ck+2,αie (M× [0, T ], S0)γ0 ⊕ Ck+2,αie (M× [0, T ], S1)bγ1.
Recall the following transformation rule for the Ricci curvature tensor under
conformal transformations (setting 1+ u = e2φ and noting that dimM = n+ 1)
Ric((1+ u)g) = Ric(g) − (n− 1) (∇∂φ− ∂φ · ∂φ)
+ (∆Lφ− (n− 1)‖∇φ‖2)g.
(7.1)
From here we conclude that Ric((1+ u)g) − R(g) ∈ Ck,αie (M× [0, T ], S)−2+γ1. Now
consider Ric((1+ u)g+ω) − Ric((1+ u)g), which is an intricate combination of
a and ω, involving their second order x−2 V2 derivatives. Hence that difference
lies in Ck,αie (M× [0, T ], S)−2+γ with γ := min{γ0, γ1}. We conclude
Ric(g) ∈ Ck+1,αie (M× [0, T ], S)−2+γ,
Ric(g(t)) ∈ Ck,αie (M× [0, T ], S)−2+γ, t > 0.
(7.2)
In particular, e.g. if µ0, µ1 ≤ 2 ≤ γ, then γ ≤ 2 ≤ γ. In that case, the initial Ricci
curvature Ric(g) is bounded as a section of S, while for positive times Ric(g(t))
is singular as a section of S. In this section we improve this low regularity result.
7.1. Expansion of the Lichnerowicz Laplacian. Below we fix the following no-
tation: A supscript ”˜” indicates that the quantity is taken with respect to the
initial metric g(0). For example, ∇˜ and ∆˜L refer to the covariant derivative and
the Lichnerowicz Laplacian with respect to g(0). Otherwise the quantities are
defined with respect to the flow g(t).
Theorem 7.1. Consider an (α, k+ 1, γ)-Ho¨lder regular conical manifold (M,g), satis-
fying tangential stability, with singular Ricci de Turck flow g(·) ∈ Hk+2,αγ0,γ1 (M×[0, T ], S),
i.e. decomposing g(t) = ag+ω into trace and trace-free parts with respect to the initial
metric g. Then there exist
A ∈ Ck,αie (M× [0, T ], S)γ,
B ∈ Ck,αie (M× [0, T ], S)−1+γ,
C ∈ Ck,αie (M× [0, T ], S)−2+γ,
such that for any (time-dependent) symmetric 2-tensor c
∆Lc = a
−1/2∆˜ a−1/2c+
(
A · (x−1 Vb)2 + B · x−1 Vb+C
)
c. (7.3)
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Proof. Consider the rough Laplacian ∆ = −gij∇i∇j first. We start by writing out
∆ in local coordinates and later on turn to the Lichnerowicz Laplacian ∆L. We
compute for any symmetric 2-tensor c
(∆c)kl = −g
ij∇i∇jckl
= −gij(∂i∂jckl − ∂iΓ
m
jk cml − Γ
m
jk ∂icml − ∂iΓ
m
jl ckm − Γ
m
jl ∂ickm
− Γmij ∂mckl + Γ
m
ij Γ
p
mkcpl + Γ
m
ij Γ
p
mlckp − Γ
m
ik∂jcml + Γ
m
ik Γ
p
jmcpl
+ Γmik Γ
p
jlcmp − Γ
m
il ∂jckm + Γ
m
jk Γ
p
ilcmp + Γ
m
il Γ
p
jmckp).
(7.4)
Our goal is to obtain an expansion for each term on the right-hand side of (7.4).
The metric g(t) has the form gij = ag˜ij +ωij, with inverse (cf. [Ver16, p. 28])
gij = a−1g˜ij − a−2g˜ilg˜jpωpl+a
−2gjlg˜irg˜pqωlpωrq . (7.5)
Hence the first term on the right-hand side of (7.4) is given by
−gij∂i∂jckl = −a
−1g˜ij∂i∂jckl − (−a
−2g˜isg˜jpωps+a
−2gjsg˜irg˜pqωspωrq)∂i∂jckl.
Now we study the asymptotics of the last expression at the conical singularity.
This is analogous to the discussion in [Ver16, p. 28-29]. Consider the local coor-
dinates (z0, · · · , zn) of C(F) with z0 = x and (z1, · · · , zn) being local coordinates
of F. An upper index i = 0 does not contribute any singular factor of x due to
the structure of the inverse g−1. A lower index i = 0 indicates a differentiation
by ∂x ∈ x−1 Vb Hence an index i = 0 (as a combination of a lower and upper
index) contributes x−1 Vb up to a term of type A.
Similarly, an upper index i > 0 contributes a singular factor x−1 due to the
structure of the inverse g−1. A lower index i > 0 indicates a differentiation by
∂zj ∈ Vb Hence an index i > 0 (as a combination of a lower and upper index)
contributes x−1 Vb up to a term of type A. Hence in total we find
−gij∂i∂jckl = −a
−1g˜ij∂i∂jckl +A · (x−1 Vb)2ckl, (7.6)
for some A ∈ Ck,αie (M × [0, T ], S)γ. In order to study the remaining terms in
(7.4), involving Christoffel symbols, we note that the Christoffel symbols Γ kij with
respect to the metric g(t) are related to the Christoffel symbols Γ˜ kij of the initial
metric g˜ as follows
Γ kij = Γ˜
k
ij +
1
2
a−1g˜km(∂ia g˜jm + ∂ja g˜im − ∂ma g˜ij + ∂iωjm
+ ∂jωim−∂mωij) +
1
2
(−a−2g˜klg˜mpωpl+a
−2gmlg˜krg˜pqωlpωrq)
× (a(∂ig˜jm + ∂jg˜im − ∂mg˜ij) + ∂ia g˜jm + ∂ja g˜im − ∂ma g˜ij
+ ∂iωjm+∂jωim−∂mωij)
(7.7)
This allows us to conclude by counting upper and lower indices as above that
for any {Yℓ}ℓ with Y0 := ∂x and Yi := x
−1∂zi for i = 1, · · · , n, we have
(∆c)(Yk, Yl) = a
−1(∆˜c)(Yk, Yl) +
(
A · (x−1 Vb)2 + B · x−1 Vb+C
)
c(Yk, Yl), (7.8)
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for some terms A,B, C as in the statement of the theorem. Computing further
∆ = a−1/2∆˜ a−1/2 + +
(
A · (x−1 Vb)2 + B ′ · x−1 Vb+C ′
)
,
where B ′ = B− a−1/2(∇˜a−1/2), C ′ = C− a−1/2(∆˜a−1/2).
(7.9)
Note that the terms B ′, C ′ still have the same Ho¨lder regularity as B,C. Now we
turn to the Lichnerowicz Laplacian. Recall that it is given by
∆Lckl = ∆ckl − 2g
pqRrqklcrp + g
pqRkpcql + g
pqRlpckq.
To deal with the extra terms involving the Riemann curvature tensor and the
Ricci curvature on the right-hand side, we note the following formula for the
components of the curvature tensor in local coordinates
Rlijk = ∂iΓ
l
jk − ∂jΓ
l
ik + Γ
p
jkΓ
l
ip − Γ
p
ikΓ
l
jp, (7.10)
which also leads to a formula for the components of the Ricci tensor
Rjk = R
i
ijk = ∂iΓ
i
jk − ∂jΓ
i
ik + Γ
p
jkΓ
i
ip − Γ
p
ikΓ
i
jp. (7.11)
These extra terms can be treated using (7.7), which leads to the claimed expan-
sion for the Lichnerowicz Laplacian. 
Corollary 7.2. Under the conditions of Theorem 7.1 we conclude
(∂t + a
−1/2∆˜ a−1/2)Ric =: X(Ric) ∈ Ck−1,αie (M× [0, T ], S)−4+2γ. (7.12)
Proof. Recall the evolution (6.2) of Ricci curvature along the Ricci de Turck flow
(∂t + ∆L)Ricjk = ∇mRicjkWm + Ricjm∇kWm + Rickm∇jWm, (7.13)
By (5.2) and (7.2) we conclude
(∂t + ∆L)Ric ∈ Ck−1,αie (M× [0, T ], S)−4+2γ.
The statement now follows from Theorem 7.1 and (7.2). 
7.2. Mapping properties of the heat parametrix for L := a1/2∆˜ a−1/2. We first
point out the following relation between L = a1/2∆˜ a−1/2 and the Lichnerowicz
Laplace operator ∆˜L
L = a1/2∆˜ a−1/2 = ∆˜ + a1/2(∆˜ a−1/2) + a1/2(∇˜a−1/2)∇˜
= ∆˜L +
(
B · ∇˜+ C
)
=: ∆˜L + P,
(7.14)
where B and C are terms with same regularity as in Theorem 7.1. The heat
operator for ∆˜L has been studied in [Ver16, Theorem 3.1], which asserts that for
n ≥ 3, any γ ∈ (0, 2+min {µ0, µ1}) and α ∈ (0, 1) sufficiently small, the following
is a bounded mapping (we simplify notation by writing Hk,αγ ≡ Hk,αγ,γ)
e−t∆˜L : Hk,α−4+γ(M× [0, T ], S)→ Hk+2,α−2+γ (M× [0, T ], S). (7.15)
Since by (7.14), L and ∆˜L differ only by lower order terms P, the heat operator
construction in [Ver16] carries over to get a heat parametrix for L as well. Thus,
exactly as in (7.15), we find
H := e−tL : Hk,α−4+γ(M× [0, T ], S)→ Hk+2,α−2+γ (M× [0, T ], S). (7.16)
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The following mapping properties are needed later in this section, and follow
by similar arguments as in [Ver16, Theorem 3.1] and (7.15).
Lemma 7.3. Consider smooth functions ρ ∈ C∞(M) smooth up to the boundary,
η ∈ C∞0 (M) smooth with compact support away from the conical singularity. Let
ν ∈ C∞0 (M, TM) be a smooth 1-form and ω ∈ C∞0 (M, ibT ∗M ⊗ ibT ∗M) a smooth
(0, 2)-tensor, both with compact support away from the conical singularity. Let H be the
heat parametrix of L = a1/2∆˜ a−1/2. Then
E0 := ηHρ : H
k,α
−4+γ(M× [0, T ], S)→ Hk+2,α−2+γ (M× [0, T ], S),
E˜0 := ν⊗Hρ : Hk,α−4+γ(M× [0, T ], S)→ Hk+2,α−2+γ (M× [0, T ], ibT ∗M⊗ S),˜˜
E0 := ω⊗Hρ : Hk,α−4+γ(M× [0, T ], S)→ Hk+2,α−2+γ (M× [0, T ], ibT ∗M⊗2 ⊗ S),
with ‖E0‖→ 0, ‖E˜0‖→ 0 and ‖˜˜E0‖→ 0 as T → 0.
The next result is a straightforward consequence of Lemma 7.3.
Corollary 7.4. In the notation of Lemma 7.3 we find
F0 := ν⊗∇Hρ : Hk,α−4+γ(M× [0, T ], S)→ Hk+1,α−3+γ (M× [0, T ], ibT ∗M⊗2 ⊗ S),
G0 := g
ijνi∇jHρ : Hk,α−4+γ(M× [0, T ], S)→ Hk+1,α−4+γ (M× [0, T ], S),
with ‖F0‖→ 0, ‖G0‖→ 0 as T → 0.
Proof. By Lemma 7.3 we have
∇(ν⊗Hρ) : Hk,α−4+γ(M× [0, T ], S)→ Hk+1,α−3+γ (M× [0, T ], ibT ∗M⊗2 ⊗ S),
with ‖∇(ν⊗Hρ)‖→ 0 as T → 0. On the other hand
∇(ν⊗Hρ) = ∇ν⊗Hρ+ ν⊗∇Hρ.
Hence the mapping properties of F0 follow by applying Lemma 7.3 to ∇ν⊗Hρ.
The mapping properties of G0 follow from the ones of F0, as G0 is simply F0
composed with a contraction. 
7.3. Heat operator parametrix for a−1/2∆˜ a−1/2. Our goal in this section is the
existence of inverses Q and R for the parabolic operator P := ∂t + a−1L, where
a is the pure trace part of g(t) with respect to the initial metric g and is positive
uniformly bounded away from zero for short time. These parametrices are con-
structed out of the heat parametrix H for L = a1/2∆˜ a−1/2, using (7.16), Lemma
7.3 and Corollary 7.4. Our main result in this subsection is as follows.
Theorem 7.5. Let n ≥ 3. Consider any γ ∈ (0, 2 + min {µ0, µ1}) and α ∈ (0, 1)
sufficiently small, such that (7.15) holds. Then there exists T0 > 0 sufficiently small and
a bounded linear map
Q : Hk,α−4+γ(M× [0, T0], S)→ Hk+2,α−2+γ (M× [0, T0], S),
such that if f ∈ Hk,α−4+γ(M× [0, T0], S), then u = Qf solves the initial value problem
(∂t + a
−1L)u = f, u(·, 0) = 0.
18 KLAUS KRO¨NCKE, TOBIAS MARXEN, AND BORIS VERTMAN
The proof of that theorem will occupy the rest of this subsection. Before we
proceed, let us note an immediate consequence.
Theorem 7.6. Let n ≥ 3. Consider any γ ∈ (0, 2 + min {µ0, µ1}) and α ∈ (0, 1)
sufficiently small, such that (7.15) holds. Then there exists T0 > 0 sufficiently small and
a bounded linear map
R : Hk+2,α−2+γ (M,S)→ Hk+2,α−2+γ (M× [0, T0], S),
such that if u0 ∈ Hk+2,α−2+γ (M,S), then u = Ru0 solves the initial value problem
(∂t + a
−1L)u = 0, u(·, 0) = u0.
Proof. We have Lu0 ∈ Hk,α−4+γ(M,S) and thus a−1Lu0 ∈ Hk,α−4+γ(M × [0, T0], S). We
set Ru0 := u0 +Q(a−1Lu0), which yields the desired solution to the initial value
problem above. 
7.3.1. Construction of a boundary parametrix.
We now begin with the proof of Theorem 7.5. The proof idea is to construct
boundary and interior parametrices, and glue them together to an approximate
solution to (∂t + a
−1L). Provided the error is sufficiently ”nice”, we can obtain a
solution Q by a Neumann series argument. We follow the analytic path outlined
in the work by the third named author jointly with Bahuaud [BaVe16].
We start by introducing the notion of a reference covering which is a special
case of a covering considered in [BaVe16]. Let U = [0, 1)x × (−1, 1)nz be a model
half-cube. For each p ∈ ∂M, there is a coordinate chart Φp : U → Wp onto an
open neighborhood Wp ⊂ C(F) ⊂ M, centered around pi. Due to compactness
of ∂M, there are finitely many such charts {Wi, Φpi}
N
i=1 covering C(F). Together
with the open setW0 = M\([0,
1
2
)× F) we obtain an open cover ofM that we call
a reference covering.
Let σ : R+ → [0, 1] be a smooth cutoff function with σ(s) = 1 for s ≤ 1/4 and
σ(s) = 0 for s ≥ 1/2. Denote by (x, z) ∈ Φ−1pi (Wi) the local coordinates on the
coordinate chart Wi, centered around pi ∈ ∂M. Then we define
ϕi (Φpi(x, z)) := σ(x)σ(‖z‖), ψi (Φpi(x, z)) := σ
(x
2
)
σ
(‖z‖
2
)
.
Notice that ϕi, ψi ∈ C∞(M˜) are both identically 1 near (0, 0), and ψi ≡ 1 on
suppϕi. Furthermore, ϕi, ψi ∈ Cαie(M), since they are constant near the cone
points. These functions are illustrated in the radial direction in Figure 1.
Next, for ε ∈ (0, 1) to be specified later, and any p = z0 ∈Wi ∩ ∂M we set
ϕ˜i,p(x, z) := ϕi
(x
ε
, z− z0
)
, ψ˜i,p(x, z) := ψi
(x
ε
, z− z0
)
.
This defines smooth cutoff functions ϕ˜i,p, ψ˜i,p ∈ C∞(M) which again lie in
Ck,αie (M), with the Ho¨lder norms bounded by ε
−α‖ϕi‖Ck,αie (M) and ε−α‖ψi‖Ck,αie (M),
respectively
‖ϕ˜i,p‖Ck,αie (M) ≤ ε
−α‖ϕi‖Ck,αie (M), ‖ψ˜i,p‖Ck,αie (M) ≤ ε
−α‖ψi‖Ck,αie (M). (7.17)
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1
0
ϕi ψi
1/4 1/2 1
Figure 1. The cutoff functions ϕi, ψi.
Let Li be the lattice of points in the coordinate chart Wi of the form {(0,w) |w ∈
Zn}. By construction, every point on ∂M lies in the support of at most a fixed
number (independent of ε) of functions {ψ˜i,p | i = 1, . . . , N, p ∈ Li}. Furthermore,
let Fε = Fε(x) be a cutoff function with supp Fε ⊂ {x ≥ ε/4} ⊂ M, which is
identically 1 on the set {x ≥ ε}. Let Gε(x) = Fε(x2). For any p ∈ Li we normalize
ϕi,p :=
ϕ˜i,p
Gε +
∑
k
∑
q∈Lk
ϕ˜k,q
, ψi,p :=
ψ˜i,p
Fε +
∑
k
∑
q∈Lk
ϕ˜k,q
. (7.18)
By (7.17), these functions again lie in Cαie(M), with
‖ϕi,p‖Ck,αie (M) ≤ const · ε
−α‖ϕi‖Ck,αie (M) ≤ const · ε
−α,
‖ψi,p‖Ck,αie (M) ≤ const · ε
−α‖ψi‖Ck,αie (M) ≤ const · ε
−α.
(7.19)
Finally note that due to normalization, for any 0 < ε < 1, the functions
Φ :=
∑
i
∑
p∈Li
ϕi,p, Ψ :=
∑
i
∑
p∈Li
ψi,p
are smooth cutoff functions in C∞(M) which are identically 1 in a neighbor-
hood of the cone singularity. We can now introduce an approximate boundary
parametrix. Consider any f ∈ Hk,α−4+γ(M × [0, T0], S) and denote by Hp the heat
kernel of4 a(p, 0)−1L for any p ∈ ∂M (note this is simply a rescaling of L by a
positive constant). Then we define our boundary parametrix by
Qbf :=
N∑
j=1
∑
p∈Lj
ψj,pHp[ϕj,pf]. (7.20)
Lemma 7.7. The solution up := ψj,pHp[ϕj,pf] satisfies
(∂t + a
−1L)up = ϕj,pf+ E
0
j,pf+ E
1
j,pf,
where the operators E0j,p and E
1
j,p are as follows.
(i) E0j,p is a bounded linear map onH
k,α
−4+γ(M× [0, T ], S), and there exists a constant
C > 0 independent of j, p, such that for T/ε2 < 1
‖E0j,pf‖ ≤ C(εγ + Tα/2)‖ϕj,pf‖,
4Recall that g(p, t) = a(p, t)g(p)⊕ω(p, t).
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(ii) E1j,p is a bounded linear map on H
k,α
−4+γ(M× [0, T ], S), with operator norm satis-
fying ‖E1j,p‖→ 0 as T → 0+.
Proof. We simplify notation by omitting the subscripts on ϕ,ψ and E0, E1. Then
we compute in view of (7.14)
(∂t + a
−1L)up = (∂t + a
−1L)(ψHp[ϕf])
= ψ∂tHp[ϕf] + a
−1
(
∆˜ψ ·Hp[ϕf] + 2g˜ij∇˜iψ
(
∇˜jHp[ϕf] + B ·Hp[ϕf]
)
+ψLHp[ϕf]
)
= ψ(∂t + a
−1(p, 0)L)Hp[ϕf] + ψ(a
−1 − a−1(p, 0))LHp[ϕf]
+ a−1∆˜ψ ·Hp[ϕf] + a−12g˜ij∇˜iψ
(
∇˜jHp[ϕf] + B ·Hp[ϕf]
)
=: ψϕf+ E0f+ E1f,
where the operators E0 and E1 are explicitly given by
E0f := ψ(a−1 − a−1(p, 0))LHp[ϕf],
E1f := a−1∆˜ψ ·Hp[ϕf] + 2a−1g˜ij∇˜iψ
(
∇˜jHp[ϕf] + B ·Hp[ϕf]
)
.
Since ψ ≡ 1 on suppϕ, any derivative of ψ vanishes on a neighborhood of
the conical singularity. Hence the claimed mapping properties of E1 follow from
Lemma 7.3 and Corollary 7.4. What is left is establishing the mapping properties
of E0. Writing out definitions of the various Ho¨lder norms, we find
‖E0f‖Hk,α−4+γ ≤ C ‖ψ (a
−1 − a−1(p, 0))‖Ck,αie · ‖LHp[ϕf]‖Hk,α−4+γ. (7.21)
We write p = (0, z0). For any (x, z) in the support of ψ we obtain
|a−1(x, z, t) − a−1(0, z0, 0)| ≤ |x|γ‖x−γ(x∂x)a−1‖∞ + tα2 ‖a−1‖α
≤ |x|γ‖x−γ(x∂x)a‖∞ + tα2 ‖a‖α
≤ C(dM(p, q)γ + tα2 )‖a‖C1,αie (M×[0,T ],S1)bγ
≤ C(εγ + T α2 )‖a‖C1,αie (M×[0,T ],S1)bγ ,
where we used that a(0, ·, t) is constant in z, and ∂xa−1 = −∂xa · a−2. Recall the
notation D of Definition 3.3. Then for any partial differential operator X ∈ D of
order at least 1, we compute similar to above for any (x, z) ∈ suppψ
|X(a−1(x, z, t) − a−1(0, z0, 0))| = |Xa
−1(x, z, t)| ≤ |x|γ‖x−γXa−1‖∞
≤ Cεγ‖a‖C1,αie (M×[0,T ],S1)bγ ≤ C(ε
γ + T
α
2 )‖a‖C1,αie (M×[0,T ],S1)bγ.
Analogous estimates hold for Ho¨lder differences. Noting (7.19), we conclude
‖ψ (a−1 − a−1(p, 0))‖Ck,αie ≤ Cε
−α(εγ + T
α
2 )‖a‖Ck+1,αie (M×[0,T ],S1)bγ. (7.22)
Now we estimate LHp[ϕf]. We first note that it vanishes identically at t = 0. This
is obtained from the following mapping properties of the heat operator
Hp ◦ϕ : Hk,α−4+γ(M× [0, T ], S)→ Hk+2,α−2+γ (M× [0, T ], S),
Hp ◦ϕ : Hk,α−4+γ(M× [0, T ], S)→ tα2 Hk+2,0−2+γ(M× [0, T ], S),
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where the first mapping property is due to (7.15) and the second is obtained
by similar arguments, converting the lesser target regularity into a time weight.
Hence LHp[ϕf] ∈ Hk,0−4+γ vanishes identically at t = 0 and hence
‖LHp[ϕf]‖Hk,0−4+γ = ‖LHp[ϕf] − LHp[ϕf](t = 0)‖Hk,0−4+γ (7.23)
≤ CT α2 ‖[ϕf]‖Hk,α−4+γ ≤ C(ε
α + T
α
2 )‖[ϕf]‖Hk,α−4+γ. (7.24)
Analogous estimates hold for Ho¨lder differences, if we take supremums over
suppψ. Hence overall we arrive at the estimate
‖LHp[ϕf]‖Hk,α−4+γ(suppψ×[0,T ],S) ≤ C(ε
α + T
α
2 )‖[ϕf]‖Hk,α−4+γ. (7.25)
Plugging the estimates (7.22) and (7.25) into (7.21), we conclude for T/ε2 < 1
‖E0f‖Hk,α−4+γ ≤ C(ε
γ + T
α
2 )ε−α(εα + T
α
2 )‖[ϕf]‖Hk,α−4+γ
≤ C(εγ + T α2 )(1+ (T/ε2)α2 )‖[ϕf]‖Hk,α−4+γ
≤ C(εγ + T α2 )‖[ϕf]‖Hk,α−4+γ.
This finishes the proof. 
Proposition 7.8. Let α ∈ (0,min {γ, 1}). For every δ > 0, there exists ε > 0 and
T0 > 0 sufficiently small, such that the heat parametrix defined in (7.20)
Qb : H
k,α
−4+γ(M× [0, T0], S)→ Hk+2,α−2+γ (M× [0, T0], S),
is a bounded linear map, solving
(∂t + a
−1L)(Qbf) = Φf+ E
0f+ E1f,
where E0 and E1 are bounded linear maps on Hk,α−4+γ(M× [0, T0], S) with operator norms
‖E0‖ < δ and ‖E1‖→ 0 as T0 → 0+.
Proof. By Lemma 7.7 we compute for any f ∈ Hk,α−4+γ(M× [0, T0], S)
(∂t + a
−1L)(Qbf) =
N∑
j=1
∑
p∈Lj
(∂t + a
−1L)ψj,pHp[ϕj,pf] = Φf+ E
0f+ E1f,
where we have defined for i = 0, 1
Eif :=
N∑
j=1
∑
p∈Lj
Eij,pf.
The operators Eij,p, and hence also both E
0 and E1, are bounded operators on
Hk,α−4+γ(M× [0, T0], S) by Lemma 7.7. It remains to estimate their operator norms
as T0 → 0. The fact that ‖E1‖ → 0 as T0 → 0+ is a direct consequence of the
second statement in Lemma 7.7. For the estimate of ‖E0‖ we argue as follows.
We choose ε > 0 and T0 > 0 with T0 < ε
2. Then by Lemma 7.7 and (7.19) we have
‖E0j,pf‖Hk,α−4+γ ≤ C(ε
γ + T
α/2
0 )‖ϕj,pf‖Hk,α−4+γ
≤ Cε−α(εγ + Tα/20 )‖f‖Hk,α−4+γ
= C(εγ−α + ε−αT
α/2
0 )‖f‖Hk,α−4+γ
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Now set δ ′ := δ∑
j |Lj |N
> 0 for a given δ > 0. Then fix ε > 0 sufficiently small
Cεγ−α < δ ′/2 (note that γ− α > 0). For the fixed ε > 0 choose T0 > 0 sufficiently
small, such that Cε−αT
α/2
0 < δ
′/2. These choices yield ‖E0‖ < δ, and the proof is
finished. 
7.3.2. Construction of an interior parametrix. Next we construct an approximate
interior parametrix. This construction is analogous to the one in [BaVe16], but
for the convenience of the reader we repeat it here.
Recall that the radial function of the cone x : C(F) → (0, 1) is extended
smoothly to a nowhere vanishing function x ∈ C∞(M). We assume that x ≥ 1
outside of the singular neighborhood C(F). For ε > 0 small enough, Yε := {x ≥
ε/2} ⊂M is a manifold with smooth boundary {ε/2}×F. Let Y denote the double
of Yε. Since the Riemannian metric on Y need not be smooth, we smoothen the
metric in a small collar neighborhood of {ε/2}×F, such that the metrics on Y and
M coincide over Y2ε.
Since Φ ∈ C∞(M) is by construction identically 1 in {x < ε}, the function 1−Φ
defines a smooth cutoff function on the closed double Y, which is again denoted
by 1 −Φ. Let P denote the extension of P = ∂t + a
−1L to a uniformly parabolic
operator on Y. Note that Hk,α−4+γ ↾ Yε ≡ Ck,αie (Yε × [0, T0], S). Let Q˜i : Ck,αie (Yε ×
[0, T0], S) → Ck+2,αie (Yε × [0, T0], S) be the solution operator of the inhomogeneous
Cauchy problem
Pu = (1−Φ)f, u(·, 0) = 0.
Also let χ be any smooth cutoff function which is identically 1 on supp(1 −Φ).
Then we define the interior parametrix for any f ∈ Hk,α−4+γ by
Qif = χQ˜i[(1−Φ)f].
7.3.3. Construction of the parametrix. From the approximate boundary and inte-
rior parametrices we obtain an approximate parametrix by
Qf := Qbf+Qif
for f ∈ Hk,α−4+γ(M× [0, T0], S). From there we get a parametrix as follows.
Proof of Proposition 7.5. By Proposition 7.8 we conclude
(∂t + a
−1L)Qf = Φf+ E0f+ E1f+ (1−Φ)f+ E2f =: f+ Ef,
where E2f := [χ, a−1L]Q˜i[(1−Φ)f]. Now similarly as in Lemma 7.3 and Corollary
7.4 we find that ‖E2‖ → 0 as T0 → 0. Hence we can choose T0 sufficiently small,
such that the error term Ef := E0f+E1f+E2f has operator norm less than 1. Then
I+ E, as an operator on Hk,α−4+γ(M× [0, T0], S), is invertible, and we set
Q := Q(I+ E)−1.

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7.4. Extension of parametrices to the full time interval. In this subsection we
extend the existence results of Theorems 7.5 and 7.6 from the shorter time inter-
val [0, T0] to the full time interval [0, T ]. By Theorem 7.5, for any f ∈ Hk,α−4+γ(M×
[0, T ], S) there exists a T0 ∈ (0, T ] and a solution u = Qf ∈ Hk,α−2+γ(M× [0, T0], S) to
the parabolic initial value problem
(∂t + a
−1L)u = f, u(t = 0) = 0.
If T0 < T , we consider the homogeneous Cauchy problem
(∂t + a
−1L)v1 = 0, v1(t = 0) = u(t = T0),
where the initial data u(t = T0) ∈ Hk,α−2+γ(M,S). By Theorem 7.6, the solution to
this problem, v1 = Rv1(t = 0), exists on the time interval [0, T0] independent of
the initial value u(t = T0). We may use Theorem 7.5 to solve
(∂t + a
−1L)u1 = f(p, t+ T0), u1(0) = 0,
on the interval [T0, 2T0], and then the function
u˜(p, t) =
{
u(p, t) for 0 ≤ t ≤ T0
u1(p, t− T0) + v1(p, t− T0) for T0 < t ≤ 2T0
extends u past T0. This process continues until nT0 > T , and produces a solution
u in Hk,α−2+γ(M× [0, T ], S). Thus Theorem 7.5 and hence also Theorem 7.6 hold on
the full time interval [0, T ].
Remark 7.9. To see that the solution produced in this way indeed has the claimed reg-
ularity (in particular including Ho¨lder regularity in time), we observe that instead of
piecing together solutions on the time intervals [0, T0], [T0, 2T0] etc. we could have in-
stead chosen overlapping intervals [0, T0], [T0− ε, 2T0− ε] etc. with a small ε > 0. Then
these solutions agree on the overlaps by a uniqueness argument analogous to the proof
of Theorem 7.10, based on the fact that the Friedrichs self adjoint extension L is bounded
from below.
7.5. Regularity of Ricci curvature along the flow. We continue under the pre-
viously fixed notation where the upper script ”˜” indicates that the quantity is
taken with respect to the initial metric. The following result proves our main
Theorem 1.1.
Theorem 7.10. Let (M,g) be a tangentially stable conical manifold of dimension at
least 4, with (α, γ, k+ 1) Ho¨lder regular geometry. Let g(t), t ∈ [0, T ] be the solution
of the Ricci de Turck flow with initial metric g and reference metric as in Theorem
5.1. Then, assuming γ ∈ (0, 2 + min {µ0, µ1}), if R˜ic ∈ Hk,α−2+γ(M × [0, T ], S), then
Ric ∈ Hk,α−2+γ(M× [0, T ], S).
Proof. By Proposition 7.2 we know
(∂t + a
−1L)Ric =: X(Ric) ∈ Ck−1,αie (M× [0, T ], S)−4+2γ
⊆ Hk,α−4+2γ(M× [0, T ], S).
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Consider the parametrix Q of Theorem 7.5 and the parametrix R of Theorem
7.6. We set γ ′ := min {γ, 2γ} and define
Ric ′ := Q(X(Ric)) +R(R˜ic) ∈ Hk,α−2+γ ′(M× [0, T ], S), (7.26)
which is a solution of the parabolic initial value problem
(∂t + a
−1L)Ric ′ = X(Ric), Ric(t = 0) = R˜ic. (7.27)
We define u := Ric ′ − Ric. For n ≥ 3 (recall that dimM ≥ 4) we can integrate by
parts without boundary terms and conclude (recall L = a1/2∆˜ a−1/2)
∂t‖u‖2L2(M,g0) = −(a−1/2∆˜ a−1/2u, u)L2(M,g0) = −‖∇˜(a−1/2u)‖2L2(M,g0) ≤ 0.
Since u(t = 0) ≡ 0, we find that u ≡ 0. Hence we still conclude, despite having
no maximum principle at hand
Ric ≡ Ric ′ ∈ Hk,α−2+γ ′(M× [0, T ], S).
We iterate the argument, improving the weight as long as γ ′ < γ. This proves
the theorem. 
8. Positivity of scalar curvature along the Ricci de Turck flow
We can now prove our second main result on positivity of scalar curvature
along the singular Ricci de Turck flow. At this final step, we will need a stronger
tangential stability hypothesis. We impose, cf. Remark 5.2, the following addi-
tional
Assumption 8.1. We assume strong tangential stability: u0, u1 > n, i.e. L > n,
so that we may choose γ0, γ1 ≥ 1 satisfying (5.1). This stronger condition is
studied in the Appendix §8, where a list of examples is provided. Amongst the
symmetric spaces of compact type, only
E8, E7/[SU(8)/ {±I}], E8/SO(16), E8/E7 · SU(2)
satisfy the strong tangential stability condition5.
The following theorem proves our second main result, Theorem 1.2.
Theorem 8.1. Let (M,g) be a strong tangentially stable conical manifold of dimension
at least 4, with (α, γ, k + 1) Ho¨lder regular geometry, where we assume γ > 3. Let
g(t), t ∈ [0, T ] be the solution of the Ricci de Turck flow with initial metric g and
reference metric as in Theorem 5.1. Assume that Rg ≥ 0. Then Rg(t) ≥ 0 for all
t ∈ [0, T ]. Furthermore, if Rg is positive at some point in the interior M, then Rg(t) is
positive in the interiorM for all t ∈ (0, T ].
Proof. By Theorem 7.10, Ric ∈ Hk,α−2+γ ′(M × [0, T ], S), where γ ′ is any weight
smaller than {γ, 2 + µ0, 2 + µ1}. Due to Assumption 8.1 of strong tangential
stability, we find in the evolution equation (6.18) for the scalar curvature along
the flow
∂tR+ ∆R = 〈W,∇R〉+ 2|Ric|2 ∈ Cαie(M× [0, T ]). (8.1)
5We hope to lift that restriction in the forthcoming work.
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We want to express the Laplace Beltrami operator ∆ in terms of a−1∆˜, where ∆˜
denotes the Laplace Beltrami operator with respect to g˜ ≡ g(0). Consider first
the Laplace Beltrami operator for ĝ = ag˜,
∆ĝ = −
1
det ĝ
∂i(
√
det ĝ · ĝij∂j) = a−1∆˜− (m
2
− 1) · ∂ia · a−2 · g˜ij∂j
= a−1∆˜− {x−1Vba, a} x−1Vb,
where {x−1Vba, a} refers to a linear combination of monomials consisting of the
terms in the brackets. If we take into account higher order terms with g = ag˜⊕ω,
we obtain in the same notation and higher regularity of R
∆R− a−1∆˜R = {x−1Vba, a} x−1VbR+ {x−1Vbω, x−1ω,ω} x−1VbR
+ {a,ω} x−1V2b R ∈ Cαie(M× [0, T ]).
(8.2)
The relation above is similar to Theorem 7.1, where we note that the Lichnerow-
icz Laplacian acting on the pure trace component S1 coincides with the Laplace
Beltrami operator. Combining (8.1) and (8.2), we conclude
∂tR+ a
−1∆˜R = P ∈ Cαie(M× [0, T ]). (8.3)
By [BaVe16, Proposition 4.1, 4.6] there exists a solution R ′ ∈ Cαie(M × [0, T ]) of
(8.3), for a given initial value R(0) ∈ Cαie(M), such that ∆R ′ ∈ Cαie(M× [0, T ]) again.
Exactly as in Theorem 7.10, we find R = R ′. Hence the maximum principle
obtained in [BaVe16, Theorem 3.1] applies to R and, denoting by Rmin(t) the
minimum of the scalar curvature at time t, which is attained at pmin(t) ∈M, we
conclude
∂tRmin(t) ≥ 〈W(pmin(t)),∇Rmin(t)〉+ 2|Ric(pmin(t))|2
≥ 〈W(pmin(t)),∇Rmin(t)〉
Now, if pmin(t) lies in the open interior of M, then ∇Rmin(t) = 0. If pmin(t) lies
at the conical singularity, we argue as follows: note that 〈W,∇R〉 ∈ Cαie(M ×
[0, T ])γ ′−3. Since by strong tangential stability, we can choose γ
′ > 3, we find that
〈W,∇R〉 is vanishing at the conical singularity and hence
∂tRmin(t) ≥ 〈W(pmin(t)),∇Rmin(t)〉 = 0.
This implies that R ≥ 0 for all t ∈ [0, T ]. Now the last statement follows from the
strong maximum principle [KlLo08, Theorem A.5]. 
Appendix: Characterizing the spectral conditions
In this appendix, we aim to characterize strong tangential stability in terms of
eigenvalues of geometric operators on the cross-section of a cone. Note that this
condition is only used in the last part of our argument, proving Theorem 1.1.
It is not used in our first main result Theorem 1.2 on higher regularity of Ricci
curvature.
Note that the operator L can be entirely be described as an operator on the
cross section (Fn, gF) of the cone. Therefore in this section, all scalar products and
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geometric operators are taken with respect to (Fn, gF). The operator ∆E denotes
the Einstein operator on symmetric two-tensors over F. It is given by
∆Eωij = ∆ωij−2g
pq Rmrqijωrp,
where ∆ is the rough Laplacian. We write ∆ for the Laplace Beltrami operator on
F. Moreover, TT denotes the space of symmetric two-tensors which are trace-free
and divergence-free at each point.
Theorem 8.2. Let (Fn, gF), n ≥ 3 be a compact Einstein manifold with constant n− 1.
Then (F, gF) is strongly tangentially stable if and only if we have the conditions
Spec(∆E|TT) > n,
Spec(∆Ω1(F)∩ker(div)) > n+
√
n2 + 2n+ 1,
and if for all positive eigenvalues λ of the Laplace-Beltrami operator on functions satisfies
n(λ− 3n+ 2)(λ+ 4− n)n(λ+ n+ 2)
− 8n(n− 1)(λ− n)(λ+ n + 2) − 8λn(n+ 1)(λ− 3n+ 2) > 0.
Proof. We first recall from the discussion before Remark 5.2 that strong tangential
stability is equvalent to the two estimates
u0 = min(Spec
′
L\{0}) > n, u1 = min(Spec∆F\{0}) > n.
However, the condition u1 > n holds for any Einstein metric except the sphere,
where we have equality [Oba62]. For the rest of the proof, it thus suffices to
consider the bundle S0 ↾ F. We use the same methodology as in [KrVe19a] which
builds up on a decomposition of symmetric 2-tensors established in [Kro¨17]. We
use the notation in [Kro¨17, Section 2] and and the calculations in Section 3 of
the same paper where we remove all terms containing radial derivatives in order
to obtain expressions for the tangential operator. More precisely, we write
{hi} - basis of L
2(TT), ∆Ehi = κihi, V1,i := 〈r2hi〉,
{ωi} - basis of coclosed sections L
2(T ∗F), ∆ωi = µiωi,
V3,i := 〈r2δ∗ωi〉 ⊕ 〈dr⊙ rωi〉,
{vi} - basis of L
2(F), ∆vi = λivi,
V4,i := 〈r2(n∇2vi + ∆vig)〉 ⊕ 〈dr⊙ r∇vi〉
⊕ 〈vi(r2g− ndr⊗ dr)〉.
(8.4)
Here, ∆ in ∆ωi denotes the connection Laplacian, while ∆ in ∆vi denotes the
Laplace Beltrami operator. The spaces V1,i, V3,i, V4,i, with L
2(0, 1) coefficients,
span all trace-free sections L2(S0 ↾ F) over F, and are invariant under the action
of the Lichnerowicz Laplacian. In [Kro¨17, Section 2], there is also a notion for
the spaces V2,i := 〈vi(r2g+ndr⊗dr)〉. But these spaces span the full trace secions
L2(S1 ↾ F), whose discussion is not relevant here. At first, if h˜ = r
2hi ∈ V1,i,
(Lh˜, h˜)L2 = κi‖h˜‖L2
such that L > n on V1,i for all i if and only if κi > n for all eigenvalues of the
Einstein operator on TT -tensors are positive (non-negative).
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Let now h˜ ∈ V3,i so that it is of the form h˜ = h˜1 + h˜2 = ϕr2δ∗ωi + ψdr ⊙ rωi.
In this case, we have the scalar products
(Lh˜1, h˜1)L2 =
ϕ2
2
(µi − (n− 1))
2,
(Lh˜2, h˜2)L2 = ψ
2[2µi + (2n+ 6)],
(Lh˜1, h˜2)L2 = −2(µi − (n− 1))ψϕ.
Taking r2δ∗ωi and dr ⊙ rωi as a basis, L respects the subspace and acts as
2× 2-matrix (
1
2
(µi − (n− 1))
2 −2(µi − (n− 1))
−2(µi − (n− 1)) 2µi + (2n+ 6)
)
.
Because
‖h˜1‖2L2 =
1
2
(µi − (n− 1)) · |ϕ|2, ‖h˜2‖2L2 = 2|ψ|2,
the operator L − n · id > 0 is represented by
A :=
(
1
2
(µi − (n− 1))
2 − n
2
(µi − (n− 1)) −2(µi − (n− 1))
−2(µi − (n− 1)) 2µi + 6
)
.
The matrix A is positive definite if and only if the matrix
B :=
(
1
2
(µi − (2n− 1)) −2(µi − (n− 1))
−2 2µi + 6
)
is positive definite because A is obtained from B by multiplying the first column
by µi − (n− 1). By computing principal minors, this holds if
det(B) =
1
2
(µi − (2n− 1))(2µi + 6) − 4(µi − (n− 1)) > 0.
This in turn holds if
µi > n+
√
n2 + 2n+ 1.
Therefore, L > n on the spaces V3,i if and only if ∆ > n +
√
n2 + 2n+ 1 on
coclosed sections L2(T ∗F). It remains to consider the case h˜ ∈ V4,i, so that it is of
the form
h˜ = h˜1 + h˜2 + h˜3 = ϕr
2(n∇2vi + ∆vig) +ψdr⊙ r∇vi + X vi(r2g− ndr⊗ dr).
This case is the most delicate one. We have the scalar products
(Lh˜1, h˜1) = n(n − 1)λi(λi − n)(λi − 2(n− 1))ϕ
2,
(Lh˜2, h˜2) = [2λi(λi − (n− 1)) + (2n+ 6)λi]ψ
2,
(Lh˜3, h˜3) = [n{(n+ 1)λi − 2(n+ 1)}+ 2n
2(n+ 3)]X 2,
(Lh˜1, h˜2) = −4(n − 1)λi(λi − n)ψϕ,
(Lh˜2, h˜3) = 4(n+ 1)λiψX ,
(Lh˜1, h˜3) = 0
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and the norms
‖h˜1‖2L2 = n(n− 1)λi(λi − n)ϕ2,
‖h˜2‖2L2 = 2ϕ2λi,
‖h˜3‖2L2 = (n+ 1)n.
Consider (L − n · id). It acts as a matrix A = (aij)1≤n≤3, whose coefficients are
given by
a11 = n(n− 1)λi(λi − n)[λi − 2(n− 1) − n],
a22 = 2λi[λi − (n− 1) + 3],
a33 = n{(n+ 1)λi − 2(n− 1) − n(n+ 1) + 2n(n+ 3)},
a12 = a21 = −4(n− 1)λi(λi − n),
a23 = a32 = 4(n+ 1)λi,
a13 = a31 = 0.
In order to prove positivity of this matrix, we consider its principal minors A33
(which is the lower right entry), A23 (the lower right 2 × 2-matrix) and A (the
whole matrix). At first,
A33 = n{(n+ 1)λi + n
2 + 3n+ 2} > 0.
Observe that in the case λi = 0, h˜1 ≡ 0 and h˜2 ≡ 0, so that V4i = span{h˜3} and
hence, (L − n · id) acts as A33 > 0. Therefore, we may from now on assume
that λi > 0, which means that actually λi ≥ n (due to eigenvalue estimates for
Einstein manifolds, see e.g. [Oba62]) with λi = n only for S
n. By considering the
matrix (
2(λi + 4− n) 4(n+ 1)λi
4(n+ 1) n{(n+ 1)λi + n
2 + 3n+ 2}
)
,
from which one recovers A23 by multiplying the first column by λi, we see that
detA23
λi
= 2(λi + 4− ǫ)n · [(n+ 1)λi + n2 + 3n+ 2] − 16(n+ 1)2λi
= 2n(n+ 1)λ2i − 4(n+ 1)(n+ 4)λi − 2n(n− 4)(n
2 + 3n+ 2),
which is positive if
λi >
n+ 4
n
+
√
n+ 4
n
+ (n− 4)(n+ 2).
Here, the right hand side is smaller than n if n ≥ 4 such that this condition holds
anyway. Before we compute the full determinant of A, we remark that in the case
λi = n, the tensor h˜1 is vanishing so that in this case, the matrix A describing
L on V4,i reduces to the matrix A23 which just has been considered. Therefore,
there is nothing more to prove in this case and we may assume λ = λi > n from
now on. To compute the full determinant of A, we first consider the matrix n[λ− 2(n− 1) − n] −2(n − 1)(λ− n) 0−4 λ− (n− 1) + 3 4λ
0 2(n+ 1) n{λ+ 2(n+ 1) − n}

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from which we recover A by mutiplying the three columns by (n − 1)λ(λ − n)
and 2λ, (n+ 1), respectively. We get
[(n− 1)λ(λ− n)2·λ · (n+ 1)]−1 detA = n(λ− 3n + 2)(λ+ 4− n)n(λ+ n+ 2)
− 8n(n− 1)(λ− n)(λ+ n+ 2) − 8λn(n+ 1)(λ− 3n+ 2)
which finishes the proof. 
Theorem 8.3. Amongst the symmetric spaces of compact type, only
E8, E7/[SU(8)/ {±I}], E8/SO(16), E8/E7 · SU(2)
are strongly tangentially stable.
Proof. We merge and analyse the Tables 2 and 3 in [Kro¨17] and the Tables 1 and
2 in [CaHe15]. In the tables below, Λ denotes the smallest nonzero eigenvalue
of the Laplace-Beltrami operator divided by the Einstein constant n − 1 and Θ
denotes the smallest eigenvalue of the Lichnerowicz Laplacian ∆L on symmetric
2-tensors with
∫
F
trh dV = 0 divided by the same constant n − 1.
To check that the above mentioned spaces satisfy the condition of Theorem 8.2,
we check on one hand that the estimate for λ in this theorem holds for (n−1) ·Λ.
On the other hand, we have the relations ∆L = ∆E + 2(n− 1)id, δ
∗ ◦∆H = ∆L ◦ δ∗
and ∆H = ∆ + (n − 1)id. Therefore, the condition Spec(∆E|TT) > n holds, if
(n−1)Θ−2(n−1) > n and the condition Spec(∆Ω1(F)∩ker(div)) > n+
√
n2 + 2n+ 1
holds if (n− 1)Θ > 2n − 1+
√
n2 + 2n+ 1.
To show that all the other examples do not satisfy L > n, we proceed as
follows: We check that (n− 1)Λ satisfies
Λ ≤ n+ 4
n
+
√
n+ 4
n
+ (n− 4)(n+ 2)
or
n(Λ− 3n+ 2)(Λ+ 4− n)n(Λ+ n+ 2)
− 8n(n− 1)(Λ− n)(Λ+ n+ 2) − 8Λn(n+ 1)(Λ− 3n + 2) ≤ 0.
This holds for example, if Λ ≤ 3. Because ∆L(f ·gF) = ∆f ·gF and ∆L◦∇2 = ∇2◦∆,
we clearly have Θ ≤ Λ. Because of the decomposition
C∞(Sym2(T ∗F)) = C∞(F) · gF ⊕∇2(C∞(F))⊕ δ∗(Ω1(F) ∩ ker(div))⊕ TT,
(c.f. [Kro¨17]) Θ is attained on
δ∗(Ω1(F) ∩ ker(div))⊕ TT
if Θ < Λ. In this case, we check if Θ satisfies (n − 1)Θ − 2(n − 1) ≤ n and (n −
1)Θ < 2n− 1+
√
n2 + 2n+ 1 (both conditions are satisfied if Θ ≤ 3). Due to the
relations above, this implies that either Spec(∆E|TT) > n or Spec(∆Ω1(F)∩ker(div)) >
n+
√
n2 + 2n+ 1 fails so that L > n fails.
Therefore, the condition Spec(∆E|TT) > n holds, if (n − 1)Θ − 2(n − 1) > n
and the condition Spec(∆Ω1(F)∩ker(div)) > n +
√
n2 + 2n+ 1 holds if (n − 1)Θ >
2n− 1+
√
n2 + 2n+ 1.
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To finish the proof, one just has to go through all the values of Θ and Λ
in the table below. Strong tangential stability is abbreviated by STS. As was
already said, for the spaces mentioned in the statement of the theorem, one
manually checks the estimates above to verify that the conditions of Theorem
8.2 are satisfied. In all the other cases, one finds Θ ≤ 3 except in the case
E7/SO(12) · SU(2) where one manually checks the condition on Λ mentioned
above. This finishes the proof of the theorem.
type G dim(G) Λ Θ STS
Ap SU(p+ 1), p ≥ 2 p2 − 1 2p(p+2)(p+1)2 2p(p+2)(p+1)2 no
Bn
Spin(5) 10 5
3
4
3
no
Spin(7) 21 21
10
12
5
no
Spin(2p+ 1), n ≥ 4 2p(p+ 1) 4p
2p−1
4p
2p−1
no
Cp Sp(p), p ≥ 3 p(2p+ 1) 2p+1p+1 4p−12(p+1) no
Dp Spin(2p), p ≥ 3 p(2p+ 1) 2p−1p−1 2p−1p−1 no
E6 E6 156
26
9
17
6
no
E7 E7 266
19
6
3 no
E8 E8 496 4
47
15
yes
F4 F4 52
8
3
8
3
no
G2 G2 14 2 2 no
Table 1. Conditions of Theorem 8.2 for simple Lie groups
In the case of irreducible rank-1 symmetric spaces of compact type, an analogous
argumentation yields the following table:
type G/K dim(G/K) Λ Θ STS
A I
SU(p)/SO(p), 5 ≥ p ≥ 3 (p−1)(p+2)
2
2(p−1)(p+2)
p2
2 no
SU(p)/SO(p), p ≥ 6 (p−1)(p+2)
2
2(p−1)(p+2)
p2
2 no
A II
SU(4)/Sp(2) = S5 5 5
4
3 no
SU(2p)/Sp(p), p ≥ 3 2p2 − p− 1 (2p+1)(p−1)
p2
2 no
A III
U(p+1)
U(p)×U(1)
= CPp 2p 2 2 no
U(p+q)
U(q)×U(p)
, q ≥ p ≥ 2 2pq 2 2 no
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B I
SO(5)
SO(3)×SO(2)
6 2 4
3
no
SO(2p+3)
SO(2p+1)×SO(2)
, p ≥ 2 4p+ 2 2 8
2p+1
no
SO(7)
SO(4)×SO(3)
12 12
5
8
5
no
SO(2p+3)
SO(3)×SO(2p)
, p ≥ 3 6p 4p+6
2p+1
8
2q+1
no
SO(2q+2p+1)
SO(2q+1)×SO(2p)
, p, q ≥ 2 2n(2m+ 1) 4m+4n+2
2m+2n−1
8
2p+2q−1
no
B II SO(2p+1)
SO(2p)
= S2p, p ≥ 1 2p 2p
2p−1
4p+2
2p−1
no
C I Sp(p)/U(p), p ≥ 3 p(p+ 1) 2 2p
p+1
no
C II
Sp(2)
Sp(1)×Sp(1)
= S4 4 4
3
10
3
no
Sp(p+1)
Sp(p)×Sp(1)
= HPp, p ≥ 2 4p 2(p+1)
p+2
2(p+1)
p+2
no
Sp(p+q)
Sp(q)×Sp(p)
, q ≥ p ≥ 2 4pq 2(p+q)
p+q+1
2(p+q)
p+q+1
no
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type G/K dim(G/K) Λ Θ STS
D I
SO(8)
SO(5)×SO(3)
15 5
2
5
2
no
SO(2p+2)
SO(2p)×SO(2)
, p ≥ 3 4p 2 2 no
SO(2p)
SO(p)×SO(p)
, p ≥ 4 p2 2p
p−1
2p
p−1
no
SO(2p+2)
SO(p+2)×SO(p)
, p ≥ 4 p(p+ 2) 2p+2
p
2p+2
p
no
SO(2p)
SO(2p−q)×SO(q)
, (2p− q)q 2p
p−1
2p
p−1
no
p− 2 ≥ q ≥ 3
D II SO(2p+2)
SO(2p+1)
= S2p+1, p ≥ 3 2p+ 1 2p+1
2p
2(p+1)
p
no
D III SO(2p)/U(p), p ≥ 5 p(p− 1) 2 2 no
E I E6/[Sp(4)/ {±I}] 42 289 3 no
E II E6/SU(2) · SU(6) 40 3 3 no
E III E6/SO(10) · SO(2) 32 2 2 no
E IV E6/F4 26
13
9
13
9
no
E V E7/[SU(8)/ {±I}] 70 103 289 yes
E VI E7/SO(12) · SU(2) 64 289 289 no
E VII E7/E6 · SO(2) 54 2 2 no
E VIII E8/SO(16) 128
62
15
16
5
yes
E IX E8/E7 · SU(2) 112 165 165 yes
F I F4/Sp(3) · SU(2) 28 269 269 no
F II F4/Spin(9) 16
4
3
4
3
no
G G2/SO(4) 8
7
3
7
3
no
Table 2. Conditions of Theorem 8.2 for symmetric spaces of non-
group type

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